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Abstract 

Let K denote an algebraically closed field and let q denote a nonzero scalar in K that 
is not a root of unity. Let V denote a vector space over K with finite positive dimension 
and let A, A* denote a tridiagonal pair on V . Let 9q,9i, . . . ,6^ (resp. 9q,01, . . . , 6*^) 
denote a standard ordering of the eigenvalues of A (resp. A*). We assume there exist 
nonzero scalars a, a* in IK such that 6i = aq^^~'^ and 0| = a*q'^~'^^ for < i < d. 
We display two irreducible C/g(sZ2)-niodule structures on V and discuss how these are 
related to the actions of A and A* . 



1 The quantum affine algebra Uq{sl2 

Throughout this paper IK will denote an algebraically closed field. We fix a nonzero scalar 
g G K that is not a root of unity. We will use the following notation. 

[n]g = —, n = 0, 1,... (1) 

q-q 1 

We now recall the definition of Uq{sl2)- 

Definition 1.1 [3*; p. 262] The quantum affine algebra Uq{sl2) is the unital associative K- 
algebra with generators ef, Kf^, i G {0, 1} and the following relations: 

K,K7^ = K-'K, = 1, (2) 

KoKi = K,Ko, (3) 

K.efK-' = q^'ef, (4) 

K.efKr^ = q^'ef, z ^ j, (5) 
K - K^^ 

l^.efl = 0. (7) 



*Keywords. g-Racali polynomial, Leonard pair, tridiagonal pair, quantum group, Askey- Wilson poly- 
nomials. 
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(effef - mefrefef + [3],efef{efr - ef{eff = 0, j. (8) 

We call ef, Kf^, i G {0, 1} the Chevalley generators for Uq{sl2)- 
Remark 1.2 The equations (jH)) are called the q-Serre relations. 

2 A presentation of Uq[sl2) 

In order to state our main result we introduce an alternate presentation of Uq{sl2)- This 
presentation is given below. 

Theorem 2.1 The quantum affine algebra Uq{sl2) is isomorphic to the unital associative 
K-algebra with generators yf, kf^, i G {0, 1} and the following relations: 

kik,i = k^ ki = 1, (9) 
koki is central, (10) 
qyth- q^^kivi _ ^ 1^-^^^ 

- 1, (12) 

- 1, (13) 

- K'K\ ^7^J, (14) 

ivtryf - rnvtryfyt + i^Utyfiytr - yf^yff = o, ^ ^ j. (i5) 

An isomorphism with the presentation in Definition \l.l\ is given by: 





- Q 


-1 


Qhyi - 


- q 


'^y^ki 




- Q 


-1 


myt - 


Q' 


"^yfyi 






1 


(lytyj - 




^yjyt 




<1~ 


1 



yi ^ ^r' + e- 



yf - Kr^-q{q-q-^fK.^et. 
The inverse of this isomorphism is given by: 



Kf - 


k^ 




er - 


yi - 


k-^ 




1 - 


hyf 




q{q - 





Proof: One readily checks that each map is a homomorphism of K-algebras and that the 
maps are inverses. It follows each map is an isomorphism of K-algebras. □ 

Definition 2.2 With reference to Theorem 12.11 we call yf, kf^, i G {0,1} the alternate 
generators of Uq{sl2). 
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3 Tridiagonal pairs 



We now recall the notion of a tridiagonal pair jZj, ^21- We will use the following terms. 
Let V denote a vector space over K with finite positive dimension. Let A : V —>■ V denote 
a linear transformation and let W denote a subspace of V. We call W an eigenspace of A 
whenever W ^ and there exists 6' G K such that 

W = {veV \Av = Ov}. 

We say A is diagonalizable whenever V is spanned by the eigenspaces of A. 

Definition 3.1 /?, Definition 1.1] Let V denote a vector space over IK with finite positive 
dimension. By a tridiagonal pair on V , we mean an ordered pair A, A* where A : V ^ V 
and A* : V ^ V are linear transformations that satisfy the following four conditions. 

(i) Each of A, A* is diagonalizable. 

(ii) There exists an ordering Vq, Vi, . . . , of the eigenspaces of A such that 

A*V, C + V, + Vi+i {0<i<d), (16) 

where V_i = 0, Va+i = 0. 

(iii) There exists an ordering Vq ,V{ , . . . , of the eigenspaces of A* such that 

AV*CV*_, + V: + V:,, i0<^<5), (17) 

where V*^ = 0, Vg^-^ = 0. 

(iv) There does not exist a subspace W of V such that AW C W, A*W <^ W, W 0, 
W ^V. 

Note 3.2 According to a common notational convention, A* denotes the conjugate trans- 
pose of A. We are not using this convention. In a tridiagonal pair A, A* the linear transfor- 
mations A and A* are arbitrary subject to (i)-(iv) above. 

Our interest in tridiagonal pairs evolved from our interest in the following special case. 
A tridiagonal pair for which the Vi,V* all have dimension 1 is called a Leonard pair [llj. 
There is a natural correspondence between the Leonard pairs and a family of orthogonal 
polynomials consisting of the g-Racah polynomials IJ, [6j and some related polynomials in 
the Askey-scheme jH], JH]- This correspondence follows from the classification of Leonard 
pairs JT], jlH]- We remark that this classification amounts to a linear algebraic version of a 
theorem of D. Leonard [2], [ID] concerning the g-Racah polynomials. See jH], [121, [13; [EI; 
|15j . |16j . [T7] . [TU] . PU] for more information about Leonard pairs. 

Given these comments on Leonard pairs, it is natural to attempt a classification of the 
tridiagonal pairs. At present we do not have this classification; however we do have a result 
that might lead to one. In order to state the result we recall a few basic facts about tridiagonal 
pairs. Let A, A* denote a tridiagonal pair on V and let d,6 be as in Definition I3.1f ii). (iii). 
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By [71 Lemma 4.5] we have d = 5; we call this common value the diameter of A, A*. An 
ordering of the eigenspaces of A (resp. A*) will be called standard whenever it satisfies (fT^ 
(resp. (HZj)). We comment on the uniqueness of the standard ordering. Let Vq, Vi, . . . , 
denote a standard ordering of the eigenspaces of A. Then the ordering Vd, Vd-i, • • • , Vq is 
standard and no other ordering is standard. A similar result holds for the eigenspaces of 
A*. An ordering of the eigenvalues of A (resp. A*) will be called standard whenever the 
corresponding ordering of the eigenspaces of A (resp. A*) is standard. Let 9q,9i, . . . ,9d 
(resp. 6*0, 6*5°, . . . , 6*2) denote a standard ordering of the eigenvalues of A (resp. A*). The 
6i, 6* satisfy a number of equations f2l Theorem 4.3] that have been solved in closed form 
|12| Theorem 4.4]. In a special case of interest, there exist nonzero scalars a, a* in IK such 
that 6, = aq^'-^ and 6* = a*q'^-^' ior < i < d [7, Example 1.7], 0. 

We now state our main result. 

Theorem 3.3 Let V denote a vector space over IK with finite positive dimension and let 
A, A* denote a tridiagonal pair on V . Let Oq, 6i, . . . ,6d (resp. 6q, 61, ... , 62) denote a standard 
ordering of the eigenvalues of A (resp. A*). We assume there exist nonzero scalars a, a* in 
IK such that 6i = aq'^^~'^ and 6* = a*g'^~^* for < i < d. Then with reference to Theorem \2.1l 
there exists a unique Uq{sl2) -module structure on V such that ayi acts as A and a*yQ acts 
as A* . Moreover there exists a unique Uq{sl2) -module structure on V such that ay^ acts as 
A and a*yi acts as A* . Both Uq{sl2) -module structures are irreducible. 

The proof of Theorem 13.31 appears in Sections 13, 14 below. 

Remark 3.4 The finite dimensional irreducible modules for Uq{sl2) are described in In 
a future paper we hope to use to obtain a classification of the tridiagonal pairs that satisfy 
the assumptions of Theorem 13.31 See Lemma 115.11 and Problem 116.11 below for a discussion 
of the issues involved. 

Remark 3.5 Theorem 13.31 extends some work of Curtin and Al-Najjar |3], [S]. They give 
a t/g(s/ 2) -action for those tridiagonal pairs that satisfy the assumptions of Theorem 13.31 and 
for which the dimensions of the V^, V* are all at most 2. 

4 Six decompositions 

In this section and the next we collect some results about tridiagonal pairs which we will 
use to prove Theorem 13.31 

We will use the following notation. Let V denote a vector space over IK with finite positive 
dimension. Let d denote a nonnegative integer. By a decomposition of V of length d, we 
mean a sequence Uo,Ui, . . . ,Ud consisting of nonzero subspaces of V such that 

V = Uo-^Ui-\ hUd (direct sum). 

We do not assume each of f/o, f/i, . . . , [/^ has dimension 1. For < i < d we call f/j the ith 
subspace of the decomposition. For notational convenience we define f/_i := and Ud+i := 0. 

We will refer to the following setup. 
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Definition 4.1 Let V denote a vector space over K with finite positive dimension and let 
A, A* denote a tridiagonal pair on V. Let Vq, Vi, . . . , (resp. V^*, V{, . . . , V^*) denote a 
standard ordering of tlie eigenspaces of A (resp. A*). For < i < (i let 6*4 (resp. 9*) denote 
tfie eigenvalue of A (resp. A*) associated with Vi (resp. V*). 

With reference to Definition 14. 11 we are about to define six decompositions of V. In order to 
keep track of these decompositions we will give each of them a name. Our naming scheme 
is as follows. Let fl denote the set consisting of the four symbols 0,D,0*,D*. Each of the 
six decompositions will get a name [u] where m is a two-element subset of Q. We now define 
the six decompositions. 

Lemma 4.2 With reference to Definition \4 1[ for each of the six rows in the table below, 
and for < i < d, let Ui denote the ith subspace described in that row. Then the sequence 
Uo,Ui, . . . ,Ud is a decomposition ofV. 



name 


ith subspace of the decomposition 


m 








[0*D*] 




V* 




[0*D] 


{V* + ■ 


■ ■ + V*) n (y, + ■ 


■ + v,) 


[0*0] 


(^0 +■■ 


■ + V*) n (K) + ■ ■ 


■ + Vd-^) 


[D*0] 


iv,U + ■ ■ 


■ + v^;) n{Vo + - 




[D*D] 


iv,u + ■ 


■ ■ + v;) n{v, + - 





Proof: We consider each of the six rows of the table. 

[OD]: Recall Vq, Vi, . . . , are the eigenspaces of A and that A is diagonalizable. 
[0*D*]: Recall Vq, V{, ■ ■ ■ ,VJ^ are the eigenspaces of A* and that A* is diagonalizable. 
[0*D]: Define Ui = (Vq* + ■ ■ ■ + V*) n {Vi + ■ ■ ■ + Vd) for < i < d. Then the sequence 
Uq, Ui, . . . , f/d is a decomposition of by |Z[ Theorem 4.6]. 

[0*0]: Apply the present Lemma, row [0*D], with Vi replaced by Vd-i for < i < d. 

[D*0]: Apply the present Lemma, row [0*D], with Vi replaced by Vd-i and V* replaced by 

Kt, for < i < ci. 

[D*D]: Apply the present Lemma, row [0*/^], with V* replaced by VJ_^ for <i < d. □ 

The six decompositions from Lemma 14.21 are related to each other as follows. 

Lemma 4.3 Adopt the assumptions of Definition \4.l\ and let Uq, Ui, . . . ,Ud denote any one 
of the six decompositions ofV given in Lemma \J~^ Then for < i < d the sums Uq + - ■ ■ + Ui 
and Ui + ■ ■ ■ + Ud are given as follows. 



name 


Uo + -- 


■ + u 


u + - 


■■ + Ud 


[OD] 


Vo + -- 


■ + v 


v + - 


■■ + Vd 


[0*D*] 




■ + v* 


v* + - 


■■ + Vd* 


[Q*D] 




■ + v* 


v + - 


■■ + Vd 


[0*0] 


v* + -- 


■ + v* 


Vo + -- 


■ + Vd-i 


[D*0] 


VdU + ■ 


■■ + Vd* 


Vo + -- 


■ + Vd-i 


[D*D] 


VdU + ■ 


■■ + Vd* 


v + - 


■■ + Vd 
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Proof: We consider each of the six rows of the table. 
[OD]: Immediate from Lemma f4. 21 row [OD]. 
[0*D*]: Immediate from Lemma W7R row [0*D*]. 

[0*D]: Let Uo,Ui, . . . ,Ud denote the decomposition [0*D]. By [7, Theorem 4.6] we find 
Uo + --- + U, = V* + ■■■ + ¥* and Ui + --- + Ud = Vi + --- + VdfoiO<i< d. 
[0*0]: Apply the present Lemma, row [0*15], with Vi replaced by Vd-i hi < i < d. 
[D*0]: Apply the present Lemma, row [0*D], with Vi replaced by Vd-i and V* replaced by 
V;_^ for < i < d. 

[D*D]: Apply the present Lemma, row [0*D], with V* replaced by V^_^ for < z < ci. □ 



We have a comment. 



Lemma 4.4 JTJ Corollary 5.7, Corollary 6.6] Adopt the assumptions of Definition and 
let Uq, Ui, . . . ,Ud denote any one of the six decompositions of V given in Lemma \4.^ For 
< i < d let Pi denote the dimenension ofUi. Then the sequence pq, pi, . . . , pd is independent 
of the decomposition. Moreover the sequence Po,pi, ■ ■ ■ , Pd is unimodal and symmetric; that 
is Pi = pd-i for < i < d and pj_i < pi for 1 < i < d/2. 

Referring to Lemma lO} we call the sequence po, pi, . . . , pd the shape of the tridiagonal pair. 
As we indicated in Section 2, a tridiagonal pair of shape 1, 1, . . . , 1 is the same thing as a 
Leonard pair jTj. 



5 The action of A and A* on the six decompositions 



With reference to Definition 14. ![ in this section we describe the actions of A and A* on each 
of the six decompositions given in Lemma 14.21 

Lemma 5.1 Adopt the assumptions of Definition \4.l\ and let Uq, Ui, . . . ,Ud denote any one 
of the six decompositions ofV given in Lemma \4.^ Then for <i < d the action of A and 
A* on Ui is described as follows. 



name 



[OD] 
[0*D*] 
[0*D] 
[0*0] 
[D*0] 
[D*D] 



action of A on U 



{A - eii)Ui = 

AU^ C f/,_i + Ui + Ui+^ 
{A-9a)UCU,+, 

(A - ed-^I)u, c u,+i 

(A - ed-^I)U, C 

{A - 9iI)U, C Ui+i 



action of A* on U 



A*U, C f/,_i + Ui + Ui+i 
{A* - 9*I)Ui = 
(A* - 0*I)U, C ?7,_i 
{A* - 9*I)U, C U,.i 
(A* - eum ^ U.~i 
{A* - eum ^ u.^i 



Proof: We consider each of the six rows of the table. 

[OD]: For < i < d the space Vi is an eigenspace for A with eigenvalue 6i. Therefore 
(.4 - 9iI)V = 0. We have A*Vi C V.i + Vi + V+i by 

[0*D*]: For < i < ci we find AV* C V*^^ + V* + V*^-^ by The space V* is an eigenspace 
for A* with eigenvalue 9*. Therefore {A* — 9*I)V* = 0. 

[0*D]: Let Uq,Ui, . . . ,Ud denote the decomposition [0*/^]. By ^ Theorem 4.6] we find 
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{A - 9iI)Ui C Ui+i and {A* - 9*I)U^ C Ui_i ior < i < d. 

[0*0]: Apply the present Lemma, row [0*D], with Vi replaced by Vd-i for < i < d. 

[D*0]: Apply the present Lemma, row [0*Z)], with Vi replaced by V^-i and V* replaced by 

V7_, for < i < ci. 

[D*D]: Apply the present Lemma, row [0*D], with V* replaced by V^.^ for < i < ci. □ 



6 The linear transformations B,B*,K,K* 

In the previous two sections we discussed general tridiagonal pairs. For the rest of this paper 
we restrict our attention to the special case mentioned in Theorem 13.31 We will refer to the 
following setup. 

Definition 6.1 Let V denote a vector space over IK with finite positive dimension and let 
A, A* denote a tridiagonal pair on V. Let Vq, Vi, . . . ,Vd (resp. V^*, V{, . . . , V^) denote a 
standard ordering of the eigenspaces of A (resp. A*). For < i < let 6'j (resp. 9*) denote 
the eigenvalue of A (resp. A*) associated with Vi (resp. Vj*). We assume there exist nonzero 
scalars a, a* in K such that 

9i = aq^'-'^, 9* = a*q'^-^' (0 < i < d). (18) 

Let h and h* denote nonzero scalars in K. 

Definition 6.2 Adopt the assumptions of Definition 16.11 

(i) We lei B -.V ^V denote the unique linear transformation such that for < i < ci, 

{v* + --- + vn n (Vo + ■ ■ ■ + Vd-i) (19) 

is an eigenspace of B with eigenvalue hq^'^~'^. We remark (fT^ is the ith subspace of 
the decomposition [0*0] from Lemma f4. 21 

(ii) We lei B* -.V -^V denote the unique linear transformation such that for < i < 

{v:_, + --- + v:)n{v, + --- + Vd) (20) 

is an eigenspace of B* with eigenvalue 6*g'^~^*. We remark ()20p is the zth subspace of 
the decomposition [D*D] from Lemma f4. 21 

(iii) We lei K -.V ^V denote the unique linear transformation such that for < i < d, 

{V* + --- + v*)r\{v + --- + Vd) (21) 

is an eigenspace of K with eigenvalue We remark ()21|) is the ith subspace of the 

decomposition [0*D] from Lemma f4. 21 
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(iv) We let K* : V ^ V denote the unique linear transformation such that for < i < d, 

iv:_, + --- + v;)niVo + --- + v,.,) (22) 

is an eigenspace of K* with eigenvalue g^*"*^. We remark ()22j) is the ith subspace of 
the decomposition [D*0] from Lemma f4 .21 

Remark 6.3 With reference to Definition 16 . II and Definition l6.2[ the following (i), (ii) hold. 

(i) If we replace {A, A% Vi, V*, a, a*, B, B*, b, b*, K, K\ q) by {A\ A, V^i, Vd-u a*, a, B\ B, 
b*,b,K^^,K*^^,q) then the requirements of Definition 16.11 and Definition 16.21 are still 
satisfied. 

(ii) If we replace {A, A*, Vi, V*, a, a*, B, B\ 6, b\ K, K\ q) by (A, A\ Vd-i, V^.^, a, a*, B*, B, 
b*, b, K*~^, K~^, q~^) then the requirements of Definition 16 . II and Definition 16 . 21 are still 
satisfied. 

We will use Remark 16. HI to streamline a few proofs later in the paper. 



7 Some relations involving A,A*,B,B* 

In this section we give four relations involving the tridiagonal pair A, A* from Definition 16.11 
and the elements B,B* from Definition 16.21 

Theorem 7.1 With reference to Definition \(j.l\ and Definition \6.^A 

-- abl, (23) 

: a*bl, (24) 

: a*b*I, (25) 

: ab*I. (26) 



qAB 


-q-^BA 


Q 




qBA* - 


-q-^A*B 


Q - 




qA*B* - 


q-^B*A* 


Q - 




qB*A - 


- q-^AB* 


Q - 





Proof: We first show (j23|l . Let Uq, Ui, . . . ,Ud denote the decomposition [0*0] from Lemma 
14.21 We show qAB — q~^BA — ab{q — q~^)I vanishes on f/, for Q <i < d. Let i be given. By 
Definition 16.21^ 1) we find B — bq^^~'^I vanishes on Ui so 

{A - aq'^-'^'-^I) {B - bq^'"^I) (27) 

vanishes on Ui. From the table of Lemma IS.lf row [0*0], and using ()18|1 . we find {A — 
aqd-^il)Ui C Ui+i. Therefore 

{B - bq^'+^'H) {A - aq^-^'l) (28) 

vanishes on Ui. Subtracting g~^times fl28j) from q times ()27|1 we find qAB — q~^BA — ab{q — 
q~^)I vanishes on Ui. Line follows. To get ()25|1 use ()23|1 and the involution given in 
Remark 16.31^ 1). To get use ()23|1 and the involution given in Remark 16.3^ 11). To get 
use (f^3j) and the involution given in Remark I6.3n i). □ 
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8 The action of B and B* on the six decompositions 



In this section we describe how the elements B, B* from Definition 21 act on the six decom- 
positions given in Lemma f4. 21 

Theorem 8.1 Adopt the assumptions of Definition ^. 1\ and let Uq, Ui, . . . ,Ud denote any one 
of the six decompositions ofV given in Lemma \4-^ Let the maps B,B* be as in Definition 
Then for < i < d the action of B and B* on Ui is described as follows. 



name 



m 

[0*D*] 
[0*D] 
[0*0] 
[D*0] 
[D*D] 



action of B on f/,- 



{B - bq''-'''I)Ui C f/,_i 

(B - bq^'-H)Ui C 

{B - bq^'-'^I)Ui C U,_i 

{B - bq^'-'^I)Ui = 
(B - bq^'-H)Ui C 
BUi C + U, + U,+i 



action of B* on f/,- 



{B* -b*q^-'''I)Ui C Ui+i 
{B* -b*q^'-H)U, C f/i+i 
(B* -b*q^-^'T)U C Ui+i 
B*U, C f/,_i + Ui + Ui+i 
(B* -b*q^~^'I)Ui C Ui^i 
{B* - b*q'^-'^H)Ui = 



Proof: We first give the action of B for each of the six rows in the table. 
[OD]: Let Uo,Ui, . . . ,Ud denote the decomposition [OD]. From Lemma EUl row [OD], and 
using ()18|) . we find that for < i < d, Ui is an eigenspace for A with eigenvalue ag^*"*^. We 
show {B — bq'^^'^U)Ui C U^i ioi < i < d. To do this, it suffices to show 

{A - aq^'~^~H) {B - bq'^^^'I) (29) 
vanishes on Ui for < i < d. Let i be given. Observe A — aq'^^^'^I vanishes on U so 

{B - bq'^-^'^^I) {A - aq^'-'^I) (30) 
vanishes on Ui. Using we find 

qAB - q-^BA - ab{q - q'^)! (31) 

vanishes on f/j. Adding (jHUI) to q times we find vanishes on Ui. We conclude 

{B - bq'^-^'I)Ui C Ui^i for < i < rf. 

[Q*D*]: Let Uq, Ui,. . . ,Ud denote the decomposition [0*^*]. From Lemma 1^ row [0*^*], 
and using p8|) . we find that for < i < d, Ui is an eigenspace for A* with eigenvalue a*q'^~'^\ 
We show {B — bq'^^~'^I)Ui C U^i for < i < d. To do this, it suffices to show 

{A* - a*q'^-^'+^I) {B - bq^''H) (32) 
vanishes on f/j for < z < d. Let i be given. Observe A* — a*q'^^'^'^I vanishes on U so 

{B - bq^'-'^-^I) {A* - a*q'^~^'I) (33) 
vanishes on Ui. Using we find 

qBA* - q-'^A*B - a*b{q - q-^)I (34) 
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vanishes on f/j. Subtracting (j^Hjl from q ^ times fl34|) we find ()32|) vanisfies on f/,. We 
conclude {B - hq^'-'^I)Ui C Ui_i for < i < 

[0*D]: Let Uq, Ui,...,Ud denote the decomposition [0*D]. We show (5 - bq^''-'^I)U, C f/^^i 
for < i < d. Let z be given. We have 

{B-hq^'-H)U, C (5 -6g2*-'^/)(f/o + -- ■ + 

= (5 - 6g2*-'^/)(Vo* + ■ ■ ■ + V;*) (by Lemma lOl row [Q*D]) 
— ^0* + ■ ■ ■ + (by present Theorem, row [0*D*]) 

= Uo + --- + U,^i (hv Lemma Ol row [0*D]) 

and also 

{B -hq^'~^I)Ui C [B-hq^''H){Ui + --- + Ud) 

= (B- hq^'-'^I) {Vi + --- + Vd) (by Lemma |01 row [0*D] ) 
C Vi_i + ■ ■ ■ + Vd (by present Theorem, row [0-D]) 

= + ■ ■ ■ + [/d (by Lemma 1121 row [0*^]). 

Combining these observations we obtain [B — hq^'^~'^I)Ui C Ui^i for < i < (i. 

[0*0]: Let Uo,Ui,...,Ud denote the decomposition [0*0]. Then {B - hq^'~^I)Ui = for 

< i < d by Definition 

[D*0]: Let Uq, Ui,...,Ud denote the decomposition [D*Q]. We show (5 - hq^'-'^I)Ui C t/i+i 
for < i < (i. Let z be given. We have 

{B -hq^'-^I)Ui C (5-6g2i-<ij)(f/p + ... + f/.) 

= (5 - bq^'-'^I){Vd^i + ■ ■ ■ + KT) (by Lemma lOl row [D*0]) 

C V7_i_i H h Vrf* (by present Theorem, row [0*D*]) 

= f/o + ■ ■ ■ + (by Lemma lOl row [D*0]) 

and also 

{B-hq^'-H)U, C (B_6g2^-dj)(f;^^...^f;^) 

= (5 - bq^'-'^I){yo + ■■■ + Vd-i) (by Lemma Ol row [D*0]) 
C Vo + ■ ■ ■ + Vd-i^i (by present Theorem, row [OZ^]) 

= Ui+i + --- + Ud (by Lemma Ol row [D*0]). 

Combining these observations we obtain {B — bq'^^~'^I)Ui C Ui+i for < i < d. 

[D*D]: Let Uq, Ui,...,Ud denote the decomposition [D*D]. We show Sf/^ C Ui-i + Ui + Ui+i 

for < i < (i. Let i be given. We have 

BU, C 5(?7o + ■■■ + [/.) 

= 5(l^;_i + --- + Vd) (by Lemma lOl row [D*/}]) 

^ KT-i-i + ■ ■ ■ + Ki* (by present Theorem, row [0*^*]) 

= f/o + ■ ■ ■ + t/i+i fbv Lemma lOl row [D*D]) 
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and also 



BUi C B{U, + --- + Ud) 



= B{V, + --- + Vd) 
C Vi.i + --- + Vd 
= Ui.i + --- + Ud 



(by Lemma Ol row [D*D]) 
(by present Theorem, row [OD]) 
(by Lemma lOl row [D*D]). 



Combining these observations we find BUi C Ui-i + f/j + t/j+i for < i < d. 

We have now given the action of B on each of the six decompositions. Using this and the 

involution from Remark l6.3n ). we find B* acts on the six decompositions as claimed. □ 



9 The pair B^B* is a tridiagonal pair 

In this section we show that the linear transformations B, B* from Definition 16.21 form a 
tridiagonal pair. 

Theorem 9.1 Adopt the assumptions of Definition 16'. il and let the maps B,B* be as in 
Definition I6'.M Then the pair B,B* is a tridiagonal pair on V. The sequence hq^^^'^ (0 < 
i < d) is a standard ordering of the eigenvalues of B and the sequence (0 < i < (i) is 

a standard ordering of the eigenvalues of B* . 

Proof: For the duration of this proof let Uq, ■ ■ ■ ,Ud (resp. Uq, . . . , U^) denote the decompo- 
sition [0*0] (resp. [D*D]) from Lemma [4.21 We show the pair B,B* is a tridiagonal pair on 
V. To do this we show B,B* satisfies conditions (i)-(iv) in Definition 13.11 
Proof that B, B* satisfies Definition Vj.lV i): Each of [/q, . . . , is an eigenspace of B by Def- 
inition inUfi) and these eigenspaces span so 5 is diagonahzable. Each of f/g , . . . , t/J is an 
eigenspace of B* by Definition 16.2^ 11) and these eigenspaces span V so B* is diagonahzable. 
Proof that B, B* satisfies Definition s^. iV ii): From the construction f/g, . . . , f/^ is an ordering 
of the eigenspaces of B. By Theorem 18. If row [0*0] we find B*Ui C Ui^i + f/j + ?7j+i for 
Q<i<d. 

Proof that B, B* satisfies Definition VJ. iV iii): From the construction [/q , . . . , f/^ is an ordering 
of the eigenspaces of B* . By Theorem lO row \D*D] we find BU* C U*_^ + U* + U*^^ for 
0<i<d. 

Proof that B,B* satisfies Definition Vj.lV iv): We let W denote an irreducible {B,B*)- 
submodule of V and show W = V . To obtain W = V we will show AW C W and 
A*W C W. We first show AW C W. We define W := {w e W\Aw e W} and show 
W = W. Using (Uni) we routinely find BW C W. Using ^ we routinely find B*W CW. 
We claim W ^ 0. To prove the claim, We define Wi = W (1 Ui for < i < d. From the table 
of Lemma [4.31 row [0*0] we find both 



Wo + --- + WiCV* + ■■■ + ¥* 
Wi + --- + WdCVo + --- + Vd-i 



{0<i< d), 
{0<i< d). 



(35) 
(36) 
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The nonzero spaces among Wq, . . . , Wd are the eigenspaces of B onW so W = J2i=o -^y 
this and since W ^ Owe find Wq, . . . , Wd are not all 0. Define r = max{i|0 < i < d, Wi ^ 0}. 
We define W* = W H U* for < i < d. From the table of Lemma lOl row [D*D] we find 

W* + ... + W*CV:_, + --- + V: (0<z<rf), (37) 

W* + --- + W^CVi + --- + Vd {0<t<d). (38) 

The nonzero spaces among Wq, . . . , W^ are the eigenspaces of B* onW soW = Yl'i=o ■ By 
this and since 7^ we find Wq, . . . , W^ are not all 0. Define t = min{i|0 <i<d, W* ^ 0}. 
Suppose for the moment that r + t < d. Setting i = r in (jHSj) and using Wq + ■ ■ ■ + Wr = W 
we find C V"o* + ■ ■ ■ + V;. Setting i = t in (jHTD we find W; C V*_^ + --- + V*. Of course 
W; CW so 

w; = wnw; 

c ^VQ* + --- + v;)n{Vd% + --- + Vdn 
= 

for a contradiction. Therefore r + t > d. Setting i = r in (IHUj) we find Wr C Vq + ■ — h Vd-r- 

Setting i = t in dSHl) and using W; ^ ^ W^ = W we find W C Vt ^ h V^. Of course 

WrCW so 

Wr = WrHW 

c {VQ + --- + Vd^r)n{Vt + --- + Vd). 

By this and since r + t > d we find r + t = d and then ^ Ki-r- Recall V^.^ is an 
eigenspace for A so AWr ^ Wr. Therefore AWr <ZW so Wr <^W. Consequently Wj^ as 
desired. We have shown W is nonzero and invariant under each of B, B*. Therefore W = W 
since W is irreducible as a {B, i?*)-module. We have now shown AW C W. Using this and 
the involution in Remark l6.3r i) we find A*W C W. Applying Definition 13. iH v) to A, A* we 
find W = V. 

We have now shown the pair B,B* satisfies conditions (i)-(iv) of Definition 13.11 Therefore 
B, B* is a tridiagonal pair on V. From the construction Uq, . . . ,Ud is a standard ordering 
of the eigenspaces of B. For < i < d the scalar bq'^^~'^ is the eigenvalue of B associated 
with Ui. Therefore the sequence bq'^^~'^ (0 < i < d) is a standard ordering of the eigenvalues 
of B. From the construction Uq, . . . is a standard ordering of the eigenspaces of B*. 
For < i < d the scalar is the eigenvalue of B* associated with U*. Therefore the 

sequence (^0 < « < d) is a standard ordering of the eigenvalues of B*. □ 



10 Some relations involving A*, B*, K* 

In this section we give some relations involving the tridiagonal pair A, A* from Definition 
16.11 the tridiagonal pair B, B* from Definition 16.21 and the elements K, K* from Definition 
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Theorem 10.1 With reference to Definition \6.1\ and Definition \6.^ 

qK-^A - q-^AK-^ 



q-q-^ 

-1 _ ^-1 i^-i 



qBK-' ~q-'K-'B 



q~q 1 



qKA* - q-^A*K 



q-q 1 



qB*K - q-^KB* 



- al, (39) 
: bl, (40) 
: a*/, (41) 

: b*I. (42) 

Proof: We first show (jH^ . pUj) . Let Uo,Ui, . . . ,Ud denote the decomposition [0*D] from 
Lemma l4.2[ Concerning ()39p. we show — g^^AfC^^ — a(g — q^^)I vanishes on Ui 

for < i < d. Let i be given. Observe K — q'^^^'^J vanishes on Ui by Definition 16.21 so 
7^-1 _ q'^^'^^J vanishes on Ui; from this we find 

{A - aq^'-'^^H) {K~^ - q'^-^'l) (43) 

vanishes on f/j. From the table of Lemma l5.ll row [0*D], and using psp . we find {A — 
aq^i-dj^jj. c Ui+i. Therefore 

{K-^ - q'^-^'-^I) {A - aq^'-H) (44) 

vanishes on Ui. Subtracting g~^times (I43|) from q times (I44p we find qK^^ A—q^^ AK^^ —a{q— 
q~^)I vanishes on U^. Line (|39p follows. Concerning (j4(jp . we show qBK^^ — q^^K^^B — b{q — 
q^^)I vanishes on Ui for Q <i < d. Let i be given. We mentioned earlier that K^^ — q'^~'^^I 
vanishes on Ui so 

{B - bq^'~^-H) {K~' - q'^-^'l) (45) 

vanishes on Ui. From the table of Lemma l8.H row [0*D], we find {B — bq^'^~'^I)Ui C Ui^i. 
Therefore 

{K-^ - J) (S - bq^'-H) (46) 

vanishes on Subtracting g^^times fl46|) from g times we find qBK~^ — q^^K^^B — 
b{q - q-^)I vanishes on Ui. Line ^ follows. To obtain (gH), (gg) apply dHHl), (001) and the 
involution given in Remark 16. 3^ 1). □ 

Theorem 10.2 With reference to Definition \6.1\ and Definition 

qAK* - q-^K*A 



q-q 1 

qK*~^B - q-^BK*-^ 
q - q-^ 
qA*K*-^ - q-^K*-^A* 
q~q-^ 
qK*B* - q-^B*K* 
q-q~^ 



al, (47) 

bl, (48) 

a*/, (49) 

b*I. (50) 
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Proof: Use Theorem 110.11 and the involution given in Remark I6.3r ii). 



□ 



11 The actions of K,K ^,K*,K* ^ on the six decom- 
positions 

In this section we describe how the elements K, K~^, K* , K*"^ from Definition 16.21 act on 
the six decompositions from Lemma f4. 21 We begin with K and K~^. 

Theorem 11.1 Adopt the assumptions of Definition \6.1\ and let Uo, Ui, . . . ,Ud denote any 
one of the six decompositions of V given in Lemma \4.2\ Let the map K be as in Definition 
I6'.M Then for <i < d the action of K and on Ui is described as follows. 



name 


action of K on Ui 


action of ^ on Ui 


m 

[0*D*] 
[0*D] 
[0*0] 
[D*0] 
[D*D] 


(K~q''~^I)UiCU,+, + --- + Ud 
{K-q^'-^I)U,CU,^i 
{K - q^'~'^I)U^ = 

(K-q^'^-^I)U,CUo + --- + U^, 
KUiCUo + --- + t/.+i 
{K-q^'-H)U,<ZU,+^ 


(i^-i _ q'^--^n)Ui C 

(K~^ - q<^-^^I)U = 
(K-i - q'''^'l)Ui C f/,_i 
K-'Ui CUi_i + --- + Ud 
{K-'-q''-^'l)Ui<ZU,+, + --- + Ud 



Proof: We consider each of the six rows of the table. 

[OD]: Let Uo,Ui, . . . ,Ud denote the decomposition [OD]. From Lemma ISTT] row [OD], and 
using ()18|1 . we find that for < i < c/, f/j is an eigenspace for A with eigenvalue ag^*"*^. We 
show {K~^ — q'^~'^^I)Ui C Ui+i for < i < d. To do this, it suffices to show 

{A - aq^'+^-H) {K-^ - q'^-^'l) (51) 
vanishes on Ui for < i < d. Let i be given. Observe A — aq'^^^'^I vanishes on Ui so 

{K-^ - q'^-^'-H) {A - aq^'-H) (52) 

vanishes on Ui. Using (j39|l we find 

qK~^A - q-^AK-^ - a{q - q-^)I (53) 

vanishes on Ui. Subtracting ()52|) from q^^ times ()53|) we find (j3T|) vanishes on U.. We conclude 
{K-^ - q'^-^'I)Ui C Ui+i for < i < From this we find {K - q^^-'^I)Ui C [7^+1 + ■ ■ ■ + [/^ 
for < i < ci. 

[0*-D*]: Use the present Theorem, row [OD] and the involution given in Remark 16.31^ 1). 
[0*D]: Let Uo,Ui,...,Ud denote the decomposition [0*D]. From Definition 16.21 we find 
{K - q^'-'^I)Ui = for < i < It follows {K~^ - q'^-'^'I)Ui = ioi < i < d. 
[0*0]: Let Uq, Ui, . . . ,Ud denote the decomposition [0*0]. From Definition 1221 we find that for 
< i < d, Ui \s an eigenspace for B with eigenvalue hq^^~'^. We show {K~^ — q'^~'^^I)Ui C Ui-i 
for < i < d. To do this, it suffices to show 

{B - hq^'-^-H) {K-^ - q'^-^'l) (54) 
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vanishes on Ui for < i < d. Let i be given. Observe B — bq"^^ '^I vanishes on Ui so 

{K-^ - q'^-^'+^I) {B - hq^'-H) (55) 

vanishes on Ui. Using pUj) we find 

qBK-^ - q-^R-^B - h{q - q-^)I (56) 

vanishes on Ui. Adding to q times ()5fi|l we find (j54|l vanishes on Ui. We conclude 
{K-^ - q'^-^'I)Ui C Ui-i ioT <t < d. It follows {K - q^'-H)Ui C Uq + ■ ■ ■ + U-i for 
{]<i<d. 

[D*0\: Let Uo,Ui,...,Ud denote the decomposition [D*0]. We show KUi C t/o H h f/i+i 

for < i < (i. Let i be given. We have 

KUi C K{Uo + --- + U) 

= K{V;^i + ■ ■ ■ + KT) (by Lemma EM row [L>*0]) 

C V7_,_i H h V7 (by present Theorem, row [0*D*]) 

= f/o + ■ ■ ■ + f/i+i fbv Lemma lO row [D*0]). 

Next we show K^^U C Ui^i + ■ ■ ■ + Ud for < i < (i. Let i be given. We have 

K-'Ui C ir-i([/^ + ... + [/^) 

= K-\Vo + --- + Vd-i) (by Lemma lO row [D*0]) 

C Vo + ■ ■ ■ + Vd_t+i (by present Theorem, row [OD]) 

= Ui^i + --- + Ud fbv Lemma Ol row [D*0]). 



[D*D]: Use the present Theorem, row [0*0] and the involution given in Remark l6.3n ). □ 
We now describe the action of K* and K*~^ on each of the six decompositions from Lemma 

Theorem 11.2 Adopt the assumptions of Definition and let Uq, Ui, . . . ,Ud denote any 
one of the six decompositions ofV given in Lemma \4.^ Let the map K* he as in Definition 
\6.'A Then for < i < d the action of K* and K*^^ on Ui is described as follows. 



name 


action of K* on Ui 


action of K* ^ on Ui 


[OD] 

[0*D] 
[0*0] 
[D*0] 
[D*D] 


(K*-q^-^'l)U C Ui.i 
iK*-q^~^^I)U,CU+i + --- + Ud 

K*U C f/i_i + • ■ ■ + f/d 
(K*-q'^~''l)U,CU,_,, + ... + Ud 
{K* - q^'-'^I)Ui = 

{K*-q^'-H)U C f/,_i 


(K*-' - q^'-'^lWi CUo + --- + Ui., 
{K*-^ -q^'-H)U<ZUi+i 
K*~^U C f/o + ■ ■ ■ + f/i+i 
{K*~'-q''-^'I)UCU,+, 
{K*-^ - q'^~^'I)Ui = 
_ q'i'^U)Ui C f/o + ■ ■ ■ + f/.-i 



Proof: Use Theorem 111.11 and the involution given in Remark I6.3r ii). □ 



15 



12 The q-Serre relations 



In this section we give two relations involving the tridiagonal pair A, A* from Definition l(i.H 
and two relations involving the tridiagonal pair B,B* from Definition l(i.2[ 

Theorem 12.1 With reference to Definition \6.1\ and Definition \6.'A 



A^A* - [3],AM*A + [^]qAA*A^ - A*A^ = 0, (57) 

A*^A - [3]gA*'^AA* + [3]gA*AA*'^ - AA*^ = 0, (58) 

B^B* - [3]gB^B*B + [3]gBB*B^ - B*B^ = 0, (59) 

B*^B - [3]gB*'^BB* + [3]gB*BB*'^ - BB*^ = 0. (60) 



Proof: We first show (jFfj) . let Uo,Ui, . . . ,Ud denote the decomposition [OD] from Lemma 
14.21 By Lemma (5. 11 row [OD], and using (fTHjl . we find that for < i < d the space Ui is an 
eigenspace for A with eigenvalue aq^^"'^. Abbreviate \E' = A^A* - [3]qA'^A*A + [3]gAA*A'^ - 
A*A'^. We show \1' = 0. To do this we show \E'f/j = foi < i < d. Let i be given 
and pick v G Ui. Observe A*v G Ui^i + Ui + Ui^i by Lemma EUl row [OD]. Observe 
{A - aq^'-^-H)Ui^i = 0, (A - aq^'-H)Ui = 0, and {A - aq^'+^-'^I)Ui+i = 0. By these 
comments 

{A - aq^'-^-H){A - aq^'-H){A - aq^'+^-^ I) A* v = 0. 

We may now argue 

= {A^A* - [3]gA'^A*A + [3]gAA*A^ - A*A^)v 

= {A^A* - [3]g A^ A* aq^'-'^ + [3]gAA*a^q'^''^'^ - A*a^q^'-^'^)v 

= {A- aq^'-'^-H) {A - aq^'-H) {A - aq^'+^~^I)A*v 

= 0. 

We have now shown "^Ui = for < i < d. We conclude \E' = and (jFFj) follows. To get 
(IHHll use jSTj) and the involution in Remark lO^iV To get ^ apply ^ to the 
tridiagonal pair B,B*. □ 



13 Two modules for Uq{sl2) 

In this section we prove the existence part of Theorem 13.31 We begin with two theorems. 

Theorem 13.1 Adopt the assumptions of Definition 16'. il Let B,B*,K be as in Definition 
16'.ijl Then V is an irreducible Ug{sl2) -module on which the alternate generators act as follows. 



generator 


Vo yt Vo 




ki 


ko^ ki^ 


action on V 


b*-^B* b-^B a*-^A* 


a-^A K 




K-^ K 
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Proof: To see that the above action on V gives a f/g(s/ 2) -module, compare the equations in 
Theorem 17. 11 Theorem IIU.H and Theorem 112. II with the defining relations for Uq{sl2) given 
in Theorem 12.11 The f/q(s/2)-niodule V is irreducible by Definition 13. iH v) . □ 

Theorem 13.2 Adopt the assumptions of Definition \6.l[ Let B,B*,K* be as in Definition 
\6.'A Then V is an irreducible Uq{sl2) -module on which the alternate generators act as follows. 



generator 






h 


ftp 




action on V 


a~^A a*-'^A* 


b*-^B* b-^B K* 






K* 



Proof: To see that the above action on V gives a f/g(s/2)-module, compare the equations in 
Theorem 17. 11 Theorem I1U.2[ and Theorem 112. II with the defining relations for Uq{sl2) given 
in Theorem 12.11 The f/g(s/2)-niodule V is irreducible by Definition 13. It iv) . □ 

It is now a simple matter to prove the existence part of Theorem 13.31 

Proof of Theorem \'J.'J\ ( existence): By Theorem ll3.1l there exists an irreducible ?7q(sZ2)-niodule 
structure on V such that ay^ acts as A and a*yQ acts A*. By Theorem 113.21 there exists 
an irreducible [/^(s/ 2) -module structure on V such that ay^ acts as A and a*y^ acts as A*. □ 



14 Uniqueness 

In this section we prove the uniqueness part of Theorem 13.31 

We begin with a comment concerning finite dimensional irreducible [/g(s/2)-modules. 

Lemma 14.1 Let V denote a finite dimensional irreducible Uq{sl2) -module. Then there 
exist nonzero scalars eo,ei in K and there exists a decomposition Uq, Ui, . . . ,Ud of V such 
that both 

{ko-eoq^'-''l)U, = 0, (fci-£ig^-2V)f/, = (0 < z < rf). (61) 

The sequence Eq, Ei, Uq, Ui, . . . ,Ud is unique. Moreover for < i < d we have 

{eoy^ - q'-^'m ^ U,+u {Eiy^ - q^'^^^m ^ f^.+i, (62) 

(eovo - q'-'^nUi c f/,_i, (Ewt - q^'-'m C f/,_i. (63) 

Proof: By the construction V has finite positive dimension. Since k^ki is central in Uq{sl2) 
and since K is algebraically closed, there exists a G K such that {k^ki — aI)V = 0. Observe 
a 7^ since each of ko, ki is invertible on V. For 6' G IK we define V{9) = {f G V\kQV = 9v}. 
We observe V{6) 7^ if and only if 6 is an eigenvalue of ko on V, and in this case V{6) is 
the corresponding eigenspace. For nonzero G K we find using (fTTj) . (fT^ that 

(y^ - e-^I)V{e) C Viq'e), (y^ - ea-'l)V{e) C Viq'e), (64) 

{y, - e-H)V{e) C V{q-^e), {yt - ea-h)V{e) C V{q'^e). (65) 
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Since K is algebraically closed and since V has finite positive dimension, there exists G K 
such that V{d) ^ 0. We observe ^ 7^ since is invertible on V . Since q is not a root of unity 
the scalars 6*, g~^6', q~^Q, . . . are mutually distinct. These scalars cannot all be eigenvalues of 
fco on V\ consequently there exists a nonzero 17 G K such that Viji) 7^ and V{(f''^'r]) = 0. 
Similarly the scalars 77, q'^rj, q^^r], . . . are mutually distinct so they are not all eigenvalues of 
ko on V; consequently there exists a nonnegative integer d such that V{q'^^r]) is nonzero for 
< i < d and zero for i = d + 1. We abbreviate Ui = V{q'^^r]) for < i < d. From the 
construction 

{ko - q^'r]I)U, = 0, {ki-aq-^'7]-^I)Ui = {0<i<d). (66) 

Define eo,ei so that rj = eoq~'^ and £0^1 = ol- Observe £0,^1 are nonzero. Eliminating rj^a 
in (jnni) using the preceeding equations we obtain (|HT|). From (jU^ and our above com- 
ments we obtain where = and t/^+i = 0. We claim V = J2t=o^i- Fi'oui 
(IHT|) - (jHH|) we find Y^f^^Ui is invariant under each of the alternate generators for Uq{sl2)- 
Also XliLo is nonzero since each of ?7o, . . . , f/^ is nonzero. We conclude V = Yl'i=o ^« since 
V is irreducible as a f/g(s/2)-niodule. The sum Yl'i=o^i direct since each of Uo,---,Ud 
is an eigenspace for ko and the corresponding eigenvalues are mutually distinct. We now 
see Uq, ... ,Ud is a. decomposition of V. It is clear that the sequence Eq, Ei, Uq, Ui, . . . ,Ud is 
unique. □ 

Remark 14.2 We will not use this fact, but it turns out that the scalars Eq, Ei from Lemma 
114.11 are both in {1,-1}. See for example O Proposition 3.2]. That proof assumes K = C 
but the assumption is unnecessary. 

Definition 14.3 Referring to Lemma Il4.ll we call the sequence Uq, Ui, . . . ,Ud the weight 
space decomposition of V . We call the ordered pair {eq,Ei) the type of V . 

Example 14.4 Adopt the assumptions of Definition \6.l\ For the Uq{sl 2) -module structure 
on V given in Theorem \13.1\ (resp. Theorem M'J. jj)) . the weight space decomposition coincides 
with the decomposition [0*D] (resp. [D*Q]) from Lemma Both module structures have 
type (1, 1). 

Proof: We first consider the f/g(sZ2)-niodule structure from Theorem ll3.1l Let Uq, Ui, . . . ,Ud 
denote the decomposition [0*D]. By Definition 16.2^ 111) we find [K — q^^~'^I)Ui = for 
< i < d. By Theorem 113.11 we find ko, ki act on V as K, respectively. Therefore 
[ko — q^''~'^I)Ui = and {ki — q'^~'^^I)Ui = for < i < d. Define Eq = I, Ei = 1 and observe 
these values satisfy By Definition ll4.31 V has weight space decompostion Uo,Ui, . . . ,Ud 
and type (1, 1). We have now proved our assertions concerning the f/g(s/2)-module structure 
from Theorem ll3.1[ The proof for the ?7g(s/ 2) -module structure from Theorem ll3.2l is similar 
and omitted. □ 

Proof of Theorem \3. '^ uniqueness): For < i < let (resp. V*) denote the eigenspace 
of A (resp. A*) associated with 6i (resp. 6*). We assume a f75(sZ2)-niodule structure on V 
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such that acts as A and a*yQ acts as A* . We show the alternate generators for Uq{sl2) 
act on V according to the table of Theorem 113.11 Observe the ?7g(s/2)-module structure is 
irreducible in view of Definition I3.ir iv). Let {so^ei) denote the type of the t/g(s/2)-niodule 
structure. We claim {eo^ei) = (1, 1). To see this, consider the weight space decomposition 
Uo, Ui, . . . ,Ud from Lemma HUT] By (jHSI) and since ayf acts on as A we find 

{siA - aq^'-'^I)Ui C U,+i {0<i<d). (67) 

Similarly 

{eqA* -a*q'^-^'I)UiCUi^i {0<t<d). (68) 

From (|67|) we find that for < i < d the scalar ej'^ag^*"'^ is an eigenvalue of A and the 
dimension of the corresponding eigenspace has the same dimension as f/j. Apparently the 
sequence e^f^ag^*"*^ {0 < i < d) is an ordering the eigenvalues of A. Recall 9i = aq^^~''' 
for < i < d. Therefore the sequence ej'^ag^*"'^ (0 < z < ci) is a permutation of the 
sequence aq'^^~'^ {0 < i < d). Since q is not a root of unity we must have ei = 1. 
By a similar argument we find Eq = 1. Setting {eo,ei) = (1,1) in (j67j) . (j68|) we find 
{A - eiI)Ui C U^+l and {A* - 9*I)Ui C Ui^i for < i < rf. By this and [3 Theorem 
4.6] we find Ui = (Vq* + ■ ■ ■ + V*) n {Vi + ■ ■ ■ + Vd) ior < i < d. In other words Uo,...,Ud is 
the decomposition [0*D] from Lemma [4.21 By Definition 16. 2r iii) we have {K — q^^~'^I)Ui = 
ioT < i < d. Comparing this with and recalling {eo,ei) = (1, 1) we find ko, ki act on 
V as K,K~^ respectively. Apparently k^^jk^^ act on V as K~^,K respectively. We show 
byi acts on V as B. Define W = {v E l^|(&?/+ - B)v = 0}. We show W = V. To do this 
we show W ^0, AW C W, A*W C W. Observe (B - bq~'^I)Uo = by Theorem O row 
[0*D]. Observe {yf — q~'^I)Uo = by (jU^ . By these comments byi — B vanishes on Uo. 
Therefore Uq O W so W ^ 0. By (fT^ (with i = 1), by (j^ . and since ay^,A agree on 
V, we find {byf - B)A, q'^A{byt - B) agree on V. Using this we find AW C W. By ^ 
(with z = 1), by (j211), and since a*?/o'5 ^* agree on V, we find {byt - B)A*, q~'^A*{by^ - B) 
agree on V. Using this we find A*W C W. We have now shown W ^ 0, AW C W, 
A*W C W. Now = in view of Definition Eljiv). We conclude {byf - B)V = so 
byi acts on V as 5. By a similar argument we find b*yQ acts on as -B*. We have now 
shown yf, kf^, i G {0, 1} act on V according to the table of Theorem 113.11 It follows the 
given f/q(s/2)-module structure is unique. By a similar argument we obtain the uniqueness of 
the irreducible f/q(s/2)-niodule structure on V such that ay^ acts as A and a*y'^ acts as A* . □ 

15 Comments 

We have a comment on Theorem 13.31 

Lemma 15.1 Let a, a* denote nonzero scalars in K. Let A., A* denote elements in Uq{sl2) 
which satisfy 

A = ay{, A* = a*i/o- (69) 
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or 

A = ay^, A* = a*yt. (70) 

Let V denote a finite dimensional irreducible Uq{sl 2) -module of type (1,1). Assume V is 
irreducible as an {A, A*) -module. Then the pair A, A* acts on V as a tridiagonal pair. 
Denoting the diameter of this pair by d, the sequence aq^'^~'^ {0 < i < d) is a standard 
ordering of the eigenvalues for A on V and the sequence a*g'^~^* {0 < i < d) is a standard 
ordering of the eigenvalues for A* on V. 

Proof: First assume (jU^ . By ()15|) and ()69|) we find both 

A^A* - [3]gA'^A*A + [3]gAA*A^ - A*A^ = 0, (71) 
A*^A - [3]gA*'^AA* + [3]gA*AA*'^ - AA*'^ = 0. (72) 

Let Uq, Ui, . . . ,Ud denote the weight space decomposition of V from Definition I14.HI Setting 
{eo,ei) = (1, 1) in Lemma ri4. II and using (jUUj) we find both 

{A-aq'^'-'^I)Ui C Ui+i {0<i<d), (73) 

{A* -a*q'^-^'I)U, C Ui^i {0<i<d). (74) 

We draw several conclusions from these lines. From ()73p (resp. (jZH)) the action of A (resp. 
A*) on V is diagonalizable. Also for < i < d the scalar aq^'^~'^ (resp. a*q'^~^^) is an eigen- 
value for this action and the corresponding eigenspace has the same dimension as f/j. In 
particular the scalars aq'^^~'^ [0 < i < d) (resp. a*g'^~^* [0 < i < d)) are the eigenvalues of A 
(resp. A*) on V. We are assuming V is irreducible as an {A, y4*)-module. This means there 
does not exist a subspace W CV such that AW C W, A*W C W, W ^ 0, W ^ V. We 
show A, A* acts on as a tridiagonal pair. To do this we apply jTl Example 1.7]. In order 
to apply this example we must show neither of A, A* is nilpotent on V. We mentioned above 
that each of A, A* is diagonalizable on V. Neither of A, A* is zero on V so neither of A, A* is 
nilpotent on V. Now by ^ Example 1.7] we find A, A* act on ^ as a tridiagonal pair. The 
diameter of this pair is d since each of A, A* has d + 1 distinct eigenvalues. By |[T21 Lemma 
4.8] there exists a standard ordering of the eigenvalues of A (resp. A*) on V of the form 
Q^q'ii-d (^0 < i < d) (resp. (0 < z < d)), where a (resp. a*) is an appropriate nonzero 

scalar in K. Combining this with our above remarks we find a = a and a* = a*. Therefore 
the sequence aq'^^~'^ (0 < z < c?) is a standard ordering of the eigenvalues for AonV and 
the sequence 0*^*^^^* (0 < i < c?) is a standard ordering of the eigenvalues for A* on V . We 
have now proved the result for case ()69|). For the case ()70|) the proof is similar and omitted. □ 



16 Suggestions for further research 

In this section we give some open problems. The first problem is motivated by Lemma [15. II 

Problem 16.1 Let a, a* denote nonzero scalars in IK and let A, A* denote the elements of 
Ugi^sh) given in (jUUI) or (fTUI). Let V denote a finite dimensional irreducible t/q(s/2)-niodule 
of type (1, 1). Find a necessary and sufficient condition for V to be irreducible as an (A, A*)- 
module. 
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In order to state the next problem we recall a few terms. Let V denote a vector space over 
K with finite positive dimension. Let End(\^) denote the K-algebra consisting of all linear 
transformations from V to V. By an antiautomorphism of End(l^) we mean a K-linear 
bijection f : End(l^) ^ End(\/) such that = Y^X^ for all X,Y e End(\/). 

Problem 16.2 Let A, A* denote a tridiagonal pair on V . Show there exists an antiauto- 
morphism t of End(V^) such that A^ = A and A*^ = A*. We remark that f exists if A, A* is 
a Leonard pair fT^, Theorem 7.1]. 
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